The purpose of this paper is to study global deformations of Hom-Leibniz algebras. We introduce a cohomology for Hom-Leibniz algebras with values in a Hom-module, characterize versal deformations and provide an example.
Introduction
In this paper we generalize the study of versal deformations of Leibniz algebras developed in [7, 8, 29] to Hom-Leibniz algebras. Hom-structures were introduced in [1, 2, 25, 27, 38] . Cohomologies of Hom-Lie and Hom-associative algebras were developed in [1, 27] . The structure of the paper is as follows: in Section 1, we summarize the definitions and introduce a cohomology for Hom-Leibniz algebras. In Section 2, we introduce definitions of global deformation, infinitesimal deformations and versal deformation of Hom-Leibniz algebras, as well as the notions of equivalence between two global deformations. In Section 3, we discuss universal infinitesimal deformations of Hom-Leibniz algebras. We construct a canonical unique infinitesimal deformation which induces all the others. In Section 4, we recall Harrison cohomology related to commutative associative algebra and we compute obstructions. In Section 5, we extend universal deformations to versal one. In section 6, we connect obstructions to Massey brackets. We provide, in Section 7, an explicit class of HomLeibniz algebras examples for which we calculate cohomology and versal deformations. Throughout this paper K denotes an algebraically closed field of characteristic 0.
Hom-Leibniz algebras and Cohomology
The triple (L, [., .] , α) denotes the Hom-Leibniz algebra. In the sequel, we deal with multiplicative Hom-Leibniz algebras, i.e. α is an algebra morphism, that is the condition α[x, y] = [α(x), α(y)] is satisfied for all x, y ∈ L.
Let (L, Proof. The proof is obtained by straightforward computation. It is similar to proof for Hom-Lie algebras (see [1] ).
The n-th corresponding cohomology groups are denoted by
with Z n (L, M ) being the n-cocycles and B n (L, M ) the n-coboundaries.
Similar complex for Hom-Lie algebras was defined independently in [1, 34] .
Global Deformations
Let (L, [., .], α) be a Hom-Leibniz algebra over K and A be a commutative K-algebra with a unit 1. Let ε : A → K be a fixed augmentation, that is an algebra homomorphism with ε(1) = 1. We set m = ker(ε) and assume that dim(m k /m k+1 ) < ∞ for all k, in order to avoid transfinite induction.
Definition 2.1. A global deformation λ of L with base (A, m), or simply with base A, is a HomLeibniz A-algebra structure on the tensor product A ⊗ K L with the bracket [., .] λ and a linear map id ⊗ α such that
In the sequel a global deformation is simply called deformation. A deformation λ is called infinitesimal or of first order (resp. order k) if in addition m 2 = 0 (resp. m k+1 = 0).
Observe that, by A-linearity of [., .] λ , we have for
Thus, to define a deformation λ it is enough to specify the brackets [ 
Hence, we can write
where j c j ⊗ y j is a finite sum with c j ∈ Ker(ε) = m and y j ∈ L.
Remark 2.2. A deformation λ of a Hom-Leibniz algebra (L, [., .], α) with base (A, m), is defined on the tensor product A ⊗ K L with a bracket [., .] λ and a linear map id ⊗ α such that
2. the bracket [., .] λ and the linear map id ⊗ α satisfy the Hom-Jacobi identity (1.1),
A deformation with base A is called local if the algebra A is local. The maximal ideal m is unique in this case. The algebra A is complete if A = ←− lim n→∞ (A/m n ). Formal deformations are deformations with a complete local algebra as base. A formal deformation of a Hom-Leibniz algebra L, with base a complete local algebra A, is a Hom-Leibniz A-algebra structure on the completed tensor product A ⊗L = ←− lim n→∞ (A/m n ⊗ L), which is a projective limit of deformations with base A/m n , such that ε ⊗id : A ⊗L → K ⊗ L = L is a Hom-Leibniz algebras A-homomorphism. Remark 2.3. We recover one-parameter formal deformation, introduced by Gerstenhaber [14] , if
Definition 2.4. Suppose λ 1 and λ 2 are two deformations of a Hom-Leibniz algebra L with base A. We call them equivalent if there exists a Hom-Leibniz A-algebra isomorphism
Definition 2.5. Suppose λ is a given deformation of a Hom-Leibniz algebra (L, [., .], α) with base (A, m) and augmentation ε : A −→ K. Let A ′ be another commutative algebra with identity and a fixed augmentation ε ′ : A ′ −→ K. Suppose φ : A −→ A ′ is an algebra homomorphism with φ(1) = 1 and ε ′ • φ = ε. Then the push-out φ * λ is the deformation of (L, [., .], α) with base (A ′ , m ′ ), where m ′ = Ker(ε ′ ), and a bracket
Here A ′ is considered as an A ′ -module by the map
It is easy to see that (
Remark 2.6. If the bracket [., .] λ is given by
then the bracket [., .] φ * λ can be written as
Universal Infinitesimal Deformation
In this section we construct a canonical infinitesimal deformation of a Hom-Leibniz algebra L. It turns out that it is a universal infinitesimal deformation. We follow to this end the procedure developed by Fialowski and her collaborators in different situations. We generalize to Hom-Leibniz algebras, the classical result for Leibniz algebras obtained in [8] . Let (L, [., .], α) be a Hom-Leibniz algebra that satisfies the condition dim(H 2 (L, L)) < ∞. This is true for example, if L is finite-dimensional. Throughout this paper, we denote the space H 2 (L, L) by H and its dual by H ′ . Consider the algebra
Observe that H ′ is an ideal of C 1 and H ′2 = 0. Let µ be a map that takes a cohomology class into a representative cocycle,
Notice that there is an isomorphism H ′ ⊗ L ∼ = Hom(H, L), so we have
Using the above identification, define a Hom-Leibniz algebra structure on C 1 ⊗ L as follows.
where the map ψ : H −→ L is defined as
where
The first coordinate is the left hand side of Hom-Leibniz identity, which vanishes. Besides the second coordinates vanishes as well since
defines an infinitesimal deformation of a Hom-Leibniz algebra L which we denote by η 1 .
The main property of η 1 is that it is universal in the class of infinitesimal deformations.
Proposition 3.2. Up to isomorphism, the deformation η 1 does not depend on the choice of µ.
Proof. Let µ ′ be another choice for µ,
Then for h ∈ H, µ(h) and µ ′ (h) represent the same class. We can define a homomorphism
and
Therefore, up to an isomorphism, the infinitesimal deformation obtained is independent of the choice of µ.
Remark 3.3. We have dim(H) < +∞. Suppose that {h i } 1≤i≤r is a basis of H and {g i } 1≤i≤r is the dual basis. Let µ(
In particular, for l 1 , l 2 ∈ L we have
is a Hom-Leibniz algebra too. 
Lemma 3.5. Let λ be an infinitesimal deformation of the Hom-Leibniz algebra (L, [., .], α) with a finite dimensional base A. Let m 1≤i≤r be a basis of m = ker(ε) and {ξ i } 1≤i≤r be the dual basis. Note that any element ξ of m ′ can be viewed as an element in the dual space A ′ with ξ(1) = 0. Set, for any ξ,
Then, ψ λ,ξ is a 2-cocycle.
Proof. If we set ψ i = ψ λ,ξ i for 1 ≤ i ≤ r, the Hom-Leibniz bracket over A ⊗ L takes the form
We have
Observe that
Moreover,
It follows that
The proof of the proposition is the same that for Leibniz algebras, see [8] .
Obstructions
The aim of this section is to study obstructions in extending deformations. For this end, we need the interpretation of the 1-and 2-dimensional Harrison cohomology of a commutative algebra. For the definition and connections between Harrison and Hochschild cohomologies, see [3] .
Proposition 4.2. Let A be a local commutative K-algebra with the maximal ideal m and M be an A-module with mM = 0. Then we have the canonical isomorphisms
3. An extension B of an algebra A by an A-module M is a K-algebra B together with an exact sequence of K-modules
where p is a K-algebra homomorphism, and the B-module structure on i(M ) is given by the A-
Proposition 4.4.
The space H 1
Harr (A, M ) is isomorphic to the space of derivations f : A → M .
Elements of H 2
Harr (A, M ) correspond bijectively to isomorphism classes of extensions
of the algebra A by means of M .
The space H 1
Harr (A, M ) can be interpreted as the group of automorphisms of any given extensions of A by M . Corollary 4.5. If A is a local algebra with the maximal ideal m, then
If A is a local algebra with the maximal ideal m, then
Let λ be a deformation of a Hom-Leibniz L with a finite dimensional local base A and an augmen-
is a representative of the class of 1-dimensional extensions of A, corresponding to the cohomology class of f . Let 
is a K-module isomorphism. Let us denote by (a, k) q ∈ B the inverse of (a, k) ∈ (A ⊕ K) under the above isomorphism. The cocycles f representing the extension is determined by f (a 1 , 0) q (a 2 , 0) q = (a 1 a 2 , 0) q . On the other hand f determines the algebra structure of B by 
It is easy to check that the B− bilinear map {., .} satisfies:
3)
So the Hom-Leibniz algebra structure λ on A ⊗ L can be lifted to a B-bilinear operation {., .} :
It is clear that {., .} satisfies the Hom-Leibniz relation if and only if φ = 0. Now from property (4.3) and the definition of φ it follows that P •φ(
There for φ takes values in ker(P ). Observe that φ(
. This is because φ takes values in ker(P ) = im(I) = im(i)⊗L = i(K)⊗L and yet for any element
. The other two cases are similar. Thus defines a linear map
Moreover, the surjective map E :
where the isomorphism β is given by β(kn r+1 ⊗ l) = kl with inverse β −1 (l) = n r+1 ⊗ l. Thus we get a linear mapφ :
Proposition 4.6. The cochainφ is a 3-cocycle.
Proof. The first term of β −1 • δφ is as follows.
Similarly, computing other terms and substituting in the expression of β −1 • δφ, we get
Let us show now that the cohomology class ofφ is independent of the choice of the lifting {., .}. Suppose {., .} and {., .} ′ are two B-bilinear operations on B ⊗ L, lifting the Hom-Leibniz structure λ on A ⊗ L. Letφ andφ ′ be the corresponding cocycles. Set ρ = {., .} − {., .} ′ . Then ρ : (B ⊗ L) ⊗2 −→ B ⊗ L is a B-linear map. Observe that
ρ takes values in ker(P ) and induces a linear map
Hence we get a 2-cochainρ : 
Then it is easy to see that {., .} ′ is lifting of [., .] λ such that the cochainρ induced by the difference {., .} ′ − {., .} is the given 2-cochain ρ . The above consideration defines a map θ λ : 
). Ifφ ′ denotes the cocycle corresponding to {., .} ′ , we haveφ ′ −φ = δρ ′ = −φ. Henceφ ′ = 0 which implies φ ′ = 0. Therefore, {., .} ′ is a Hom-Leibniz algebra structure on B ⊗ L extending λ. The converse is obvious.
Let S be the set of all isomorphism classes of deformation µ of L with base B such that p * µ = λ. The group of automorphisms Aut of the extension (4.5) has a natural action σ 1 of A on S, given by µ → u * µ for u ∈ A. Suppose that µ and µ ′ are two deformations of L with base B such
The relationship between the two action σ 1 and σ 2 on S is described in the following proposition. Proposition 4.10. Suppose A 1 and A 2 are finite dimensional local algebras with augmentation ε 1 and ε 2 , respectively. Let φ : A 2 −→ A 1 be an algebra homomorphism with φ(1) = 1 and ε 1 • φ = ε 2 . Suppose λ 2 is a deformation of a Hom-Leibniz algebra L with base A 2 and λ 1 = φ * λ 2 is the push-out via φ. Then following diagram commutes.
Construction of versal deformation
We have constructed in the class of infinitesimal deformations of a Hom-Leibniz algebra, a universal deformation, that is one which induces all the other and the homomorphism is unique. It is known that, in general, in the category of deformations of an algebraic object there is no universal deformations. But under certain natural conditions it is possible to get a "versal" object which still induces all non-equivalent deformations. The aim of this section is to extend the construction of versal deformation, given for Leibniz algebras in [8] , to Hom-Leibniz algebras. Let (L, [., .], α) be a Hom-Leibniz algebra with finite dimensional second cohomology group (dim(H) < ∞). Consider
where C 0 = K and C 1 = K ⊕ H ′ as before. Let η 1 be the universal infinitesimal deformation with base C 1 . Similarly to classical case we proceed by induction. Suppose for some k ≥ 1 we have constructed a finite dimensional local algebra C k and a deformation η k of L with base C k .
′ be a homomorphism sending a cohomology class to a cocycle representing the class. Let
be the dual of µ. Then we have the following extension of C k :
The corresponding obstruction
with the dual map
We have an induced extension
) ′ and i k+1 , p k+1 are the mappings induced byī k+1 ,p k+1 , respectively.
Proposition 5.1. The deformation η k with base C k of a Hom-Leibniz algebra L admits an extension to a deformation with base C k+1 , which is unique up to an isomorphism and automorphism of the extension (5.2).
By induction, the above process yields a sequence of finite dimensional local algebra C k and deformations η k of the Hom-Leibniz algebra L with base C k
Thus by taking the projective limit we obtain a formal deformation η of L with base C = lim ←− C k .
Massey Brackets and obstructions
In this section we show a relationship between obstructions and Massey brackets in the case of Hom-Leibniz algebras, see [7, 29, 32] for the classical case. This is needed to make more specific computation in the construction of versal deformations. The obstructions θ k :
, may be described in terms of Massey products.
Suppose (C, ν, d) is a differential graded Lie algebra. The cohomology of C, with respect to d, is denoted by H. Our main example is H(L, L). Let F be a graded commutative coassociative coalgebra, that is a graded vector space with a degree 0 mapping (comultiplication) ∆ :
Suppose also that a filtration
Proposition 6.1. Suppose a linear map ψ : F 1 → C of degree 1 satisfies the condition
Definition 6.2. Let a : F 0 → H and b : F/F 1 → H two linear maps of degree 1 and 2. We say that b is contained in the Massey F -bracket of a, and write b ∈ [a] F , if there exists a degree 1 linear map ψ : F 1 −→ C satisfying condition (6.1) and such that the following diagrams
are commutative, where π denotes the projection of each space onto the quotient space.
Note that the upper horizontal maps of the above diagrams are well defined, since ψ(
The definition makes sense even if F 1 = F . In that case Hom(F/F 1 , K) = 0, and [a] F may either be empty or contain 0. In that case we say that a satisfies the condition of triviality of Massey F -brackets.
We consider the differential graded Lie algebra (C * (L, L), ν, d). Let F = F 1 = m ′ , the dual of m and F 0 = (m/m 2 ). Let ∆ : F −→ F ⊗ F be the comultiplication in F which is the dual of the multiplication in m. Then F is a cocommutative coassociative coalgebra.
For a linear functional φ : Proof. Let{m i } be a basis of m. We can write
and Proof. As above we define the maps
Different ψ with these properties correspond to different extensions η k of η 1 . The ψ k|F 0 is given by ψ k (h i ) = µ(h i ), a representative of the cohomology class h i . So a = π • ψ k|F 0 = id. In the definition of Massey F -bracket, the map b :
If we consider {m i } 1≤i≤r a basis of m k and extend it to a basis {m i } 1≤i≤r+s ofm k , the bracket is given by
The result follows by taking b = 2w k and a = id |H .
Examples
Let L be a 3-dimensional vector space with basis {e 1 , e 2 , e 3 }. α(e 2 ) = e 2 , α(e 3 ) = ae 1 + be 2 + e 3 ,
where a, b are arbitrary parameters. Let φ ∈ Z 2 (L, L) be a 2-cocycle. Then φ : L ⊗ L → L is a linear map satisfying δφ(e i , e j , e k ) = 0 and φ(α(e i ), α(e j )) = α(φ(e i , e j )), for 1 ≤ i, j, k ≤ 3. Since φ 0 = δf and φ 0 (α(e i ), α(e j )) = α 0 (φ(e i , e j )), it turns out that:
It follows that if c = 1, c = 0 and ∀a, b ∈ R we have
Hence, every formal deformation is equivalent to a trivial deformation. 
